arXiv:1509.02408vl [quant-ph] 8 Sep 2015 
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We consider a thought experiment where the preparation of a macroscopically massive or charged 
particle in a quantum superposition and the associated dynamics of a distant test particle apparently 
allow for superluminal communication. We give a solution to the paradox which is based on the 
following fundamental principle: any local experiment, discriminating a coherent superposition from 
an incoherent statistical mixture, necessarily requires a minimum time proportional to the mass (or 
charge) of the system. For a charged particle, we consider two examples of such experiments, and 
show that they are both consistent with the previous limitation. In the first, the measurement 
requires to accelerate the charge, that can entangle with the emitted photons. In the second, the 
limitation can be ascribed to the quantum vacuum fluctuations of the electromagnetic field. On 
the other hand, when applied to massive particles our result provides an indirect evidence for the 
existence of gravitational vacuum fluctuations and for the possibility of entangling a particle with 
quantum gravitational radiation. 


I. INTRODUCTION 

The existence of coherent superpositions is a fun¬ 
damental postulate of quantum mechanics but, appar¬ 
ently, implies very counterintuitive consequences when 
extended to macroscopic systems. This problem, al¬ 
ready pointed out since the beginning of quantum theory 
through the famous Schrodinger cat paradox [1] , has been 
the subject of a large scientific debate which is still open 
and very active. 

Nowadays there is no doubt about the existence of 
quantum superpositions. Indeed this effect has been 
demonstrated in a number of experiments involving mi¬ 
croscopic systems (photons [2J |3] , electrons mg , neu¬ 
trons [6], atoms Hi, molecules 13110], etc.). However, 
at least in principle, the standard theory of quantum me¬ 
chanics is valid at any scale and does not put any limit 
on the size of the system: if you can delocalize a molecule 
then nothing should forbid you to delocalize a cat, apart 
from technical difficulties. Such difficulties are usually 
associated with the impossibility of isolating the system 
from its environment, because it is well known that any 
weak interaction changing the state of the environment 
is sufficient to destroy the initial coherence of the system. 

In this work we are interested in the ideal situation 
in which we have a macroscopic mass or a macroscopic 
charge perfectly isolated from the environment and pre¬ 
pared in a quantum superposition of two spatially sep¬ 
arated states. Without using any speculative theory of 
quantum gravity or sophisticated tools of quantum field 
theory, we propose a simple thought experiment based on 
particles interacting via semiclassical forces. Surprisingly 
a simple consistency argument with relativistic causality 
is enough to obtain a fundamental result which, being 
related to gravitational and electric fields, indirectly tells 
us something about quantum gravity and quantum field 
theory. 

The result is the following: assuming that a macro¬ 
scopic mass m is prepared in a superposition of two states 
separated by a distance d, then any experiment discrim¬ 
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FIG. 1. Picture of the thought experiment. Alice prepares a 
macroscopic mass in a quantum spatial superposition. Bob 
has at disposal a test mass prepared in the ground state of a 
narrow harmonic trap. Bob can send one bit of information 
to Alice by choosing between two alternatives: doing nothing 
(detector ojf) or removing the trap (detector on). Once a 
time Tb necessary to generate entanglement (if the detector 
is on) has passed, Alice performs a measurement in a time 
Ta in order to discriminate the coherent superposition from a 
classical incoherent mixture. In this way, by knowing whether 
the detector is on or ojf, she gets the information sent by 
Bob in a time Ta -\- Tb. A completely equivalent protocol 
can be obtained by replacing massive particles with charged 
particles. 


mating the coherent superposition from a classical inco¬ 
herent mixture requires a minimum time T (x md, pro¬ 
portional to the mass and the separation distance. Anal¬ 
ogously for a quantum superposition of a macroscopic 
charge q, such minimum time is proportional to the asso¬ 
ciated electric dipole T oc qd. In a nutshell, experiments 
testing macroscopic superpositions are possible in princi¬ 
ple, but they need to be slow. For common experiments 
involving systems below the Planck mass and the Planck 
charge this limitation is irrelevant, however such time can 
become very important at macroscopic scales. As an ex¬ 
treme example, if the center of mass of the Earth were 
in a quantum superposition with a separation distance 
of one micrometer, according to our result one would 
need a time equal to the age of the universe in order 
to distinguish this state from a classical statistical mix¬ 
ture. Glearly this limitation suggests that at sufficiently 
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macroscopic scales quantum mechanics can be safely re¬ 
placed by classical statistical mechanics without noticing 
the difference. 


The fact that large gravitational or electromagnetic 
fields can be a limitation for the observation of quantum 
superpositions is not a new idea. In the past decades, 
several models of spontaneous localization [nHS] have 
been proposed which, going beyond the standard theory 
of quantum mechanics, postulate the existence a grav¬ 
ity induced collapse at macroscopic scales. Remaining 
within the domain of standard quantum mechanics, the 
loss of coherence in interference experiments due to the 
emission of electromagnetic radiation has been already 
studied in the literature Similarly, the interac¬ 

tion of a massive particle with gravitational waves [TS^ED] 
and the dephasing effect of time dilation on internal de¬ 
grees of freedom [2T] have been considered as possible 
origins of quantum decoherence. 

For what concerns our thought experiment, a similar 
setup can be found in the literature where the interfer¬ 
ence pattern of an electron passing through a double slit 
is destroyed by a distant measurement of its electric field. 
This thought experiment can be traced back to Bohr as 
quoted in [TB], was discussed by Hardy interviewed in 
[22] and appears as an exercise in the book by Aharanov 
and Rohrlich [22] ■ Moreover, recently different experi¬ 
ments involving interacting test particles have been pro¬ 
posed in order to discriminate the quantum nature of the 
gravitational field from a potentially classical description 

[21I1S]. 


The original contribution of our work is that, imposing 
the consistency with relativistic causality, our thought 
experiment allows the derivation of a fundamental min¬ 
imum time which is valid for any possible experiment 
involving macroscopic superpositions. In this sense our 
bounds represent universal limitations having a role anal¬ 
ogous to the Heisenberg uncertainty principle in quan¬ 
tum mechanics. For this reason, while our results could 
be observable in advanced and specific experimental se¬ 
tups |26H32] ■ their main contribution is probably a bet¬ 
ter understanding of the theory of quantum mechanics at 
macroscopic scales. For charged particles we propose two 
different measurements for testing the coherence. The 
first requires to accelerate the charge, and our bound on 
the discrimination time is due to the entanglement with 
the emitted photons. In the second, the bound can be 
instead ascribed to the presence of the vacuum fluctu¬ 
ations of the electromagnetic field. On the other hand 
we also find an equivalent bound associated to quantum 
superposition of large masses. What is the origin of this 
limitation? The analogy suggests that the validity of our 
bound could be interpreted as an indirect evidence for 
the existence of quantum fluctuations of the gravitational 
field, and of quantum gravitational radiation. 

This work is structured in the following way: in sec¬ 
tion HI] we propose our thought experiment which sug¬ 
gests a minimum discrimination time for any macroscopic 
quantum superposition. In section HI we derive a quan¬ 


titative bound. Finally in sections IV and [V] we check 
the consistency of our results with an explicit analysis of 
a charged particle interacting with the electromagnetic 
field. Here we propose two different measurements, and 
show that in both cases they are able to check the co¬ 
herence only if their duration satisfies our fundamental 
limit. 


II. THOUGHT EXPERIMENT 


Consider the thought experiment represented in Fig. 
[U and described by the following protocol. The protocol 
can be equivalently applied to quantum superpositions of 
large masses or large charges. 


Protocol of the thought experiment 

1. Alice has at disposal, in her laboratory, a mas¬ 
sive/charged particle in a macroscopic super¬ 
position of a “left” and a “right” state: 


|L) + |R) 
72 ■ 


( 1 ) 


The wave functions of the two states are 
(a:|L) = and (a;|R) = (^{x — d), where 
c? > 0 is the relative separation of the superpo¬ 
sition. 


2. Bob is in a laboratory at a distance R from Al¬ 
ice and containing a charged/massive test par¬ 
ticle prepared in the ground state of a very 
narrow harmonic trap. Bob freely chooses be¬ 
tween two options: doing nothing ( detector 
= ojf), or removing the trap (detector = on). 
In the first case the state of test particle re¬ 
mains unchanged while, in the second case, 
the dynamics is sensitive to the local New¬ 
ton/Coulomb field generated by Alice’s par¬ 
ticle and the global state will eventually be¬ 
come entangled. If the detector is off, the ini¬ 
tial quantum superposition is preserved, while 
if the detector is on the generation of entangle¬ 
ment eventually destroys the coherence of the 
reduced state of Alice. 


3. Alice performs an arbitrary measurement in 
her laboratory with the task of discriminating 
the coherent superposition from a statistical in¬ 
coherent mixture of the two states |L) and |R). 
For example she could make an interference ex¬ 
periment, a measurement of the velocity, a pro¬ 
jection on the symmetric/antisymmetric basis 
|L)±|R), etc.. The specific details of the exper¬ 
iment are irrelevant. Depending on the result 
of the measurement, Alice deduces the choice 
of Bob {i.e. if the detector was on or off). 






3 


Clearly, the previous thought experiment constitutes a 
communication protocol in which Bob can send one bit 
of information to Alice. Moreover, for a large enough 
mass m or for a large enough charge q, the test particle 
of Bob can become entangled with Alice’s particle in an 
arbitrarily short time. But then, apparently. Bob can 
send a message to Alice faster than light violating the 
fundamental principle of relativistic causality. How can 
we solve this paradox? Let us make a list of possible 
solutions: 

a) It is impossible to prepare a macroscopic superpo¬ 
sition state or to preserve its coherence because of 
some unknown intrinsic effect lying outside the the¬ 
ory of quantum mechanics. 

b) Once the superposition is created the particle is 
entangled with the gravitational / electromagnetic 
field and the reduced state of the particle is mixed. 
Independently on the measurement of Bob, Alice 
always finds the state of the particle incoherent un¬ 
less the entanglement process can be in some way 
reversed. 

c) Independently on the presence or absence of entan¬ 
glement, Alice cannot locally discriminate instan¬ 
taneously whether the superposition is coherent or 
not. More quantitatively we have that, if Bob is 
able to generate entanglement in a time Tb and if 
Ta is the time necessary to Alice for performing 
her discrimination measurement, then relativistic 
causality requires 


Ta+Tb>-. (2) 

c 

Therefore, whenever entanglement can be gener¬ 
ated in a time Tb < R/c, we get a non-trivial lower 
bound on Ta. 

Anomalous decoherence effects mHis] (as e.g. the Pen¬ 
rose spontaneous localization model) are important open 
problems in the foundations of quantum mechanics and 
cannot be excluded a priori. Up to now however their 
existence was never experimentally demonstrated and 
therefore, instead of closing our discussion by directly 
invoking point a), we try to remain within the frame¬ 
work of quantum mechanics and check if points b) or c) 
are plausible solutions. 

The reader who is familiar with the held of open quan¬ 
tum systems may hnd the option b) very natural. In 
standard non-relativistic quantum mechanics, the forma¬ 
tion of entanglement between a system and its environ¬ 
ment is widely accepted as the origin of any observed 
form of decoherence. Indeed this approach has also been 
used to explain the decoherence of moving charged parti¬ 
cles, mainly focusing to the double-slit interference exper¬ 
iment m- It has been recognized by previous works that 
in a double-slit experiment there is a limit to the charge of 
the particle above which photons are emitted due to the 


acceleration associated to the interference paths Ham]- 
For large charges then, the particle entangles with the 
emitted photons and this effect can destroy the inter¬ 
ference pattern. The reader can then notice that also 
in our case the particle needs to be accelerated when it 
is put in the superposition Q, and if it is charged it 
will radiate and can become entangled with the emitted 
photons. Similarly, an accelerated mass generates grav¬ 
itational radiation and can become entangled with the 
emitted gravitons. However, in Appendix we prove 
that, if the accelerations are slow enough, the resulting 
quantum state of the electromagnetic field has almost 
overlap one with the vacuum, and therefore the particle 
does not get entangled with the emitted photons because 
no photons at all are emitted. The same argument can 
be repeated for the gravitational radiation in the linear 
approximation. The reader may now think that the par¬ 
ticle in the superposition 0 is entangled at least with 
its static Coulomb electric held. However, as we show in 
details in Appendixj^ the static Coulomb electric held is 
not a propagating degree of freedom since it vanishes in 
absence of electric charges. Thus, the Hilbert space as¬ 
sociated to the Coulomb held is the same Hilbert space 
of the particle, whose reduced state remains pure. 


What is then the solution of the paradox? A reason¬ 
able answer appears to be the hnal option c). Basically, 
even if the state of the particle is pure and coherent, Alice 
cannot instantaneously test this fact with a local exper¬ 
iment in her laboratory. Notice that the hypothesis c) 
is weaker than the others and can logically coexist with 
a) and b). Clearly in every case in which a) or b) are 
valid Alice cannot make any useful experiment because 
decoherence has already happened. Therefore we con¬ 
clude that the weaker and most general solution to the 
paradox is the fundamental limitation exposed in point 
c). In sections IV and[v| we propose two different mea¬ 
surements and show that they are both consistent with 
this limitation. 


III. MINIMUM DISCRIMINATION TIME 


In the previous section we argued that relativistic 
causality requires a fundamental limitation: Alice’s dis¬ 
crimination experiment must be slow. But how slow it 
has to be? By construction any thought experiment of 
the class described before gives a lower bound on the 
discrimination time Ta whenever < R/c. In what 
follows we are going to optimize over this class of exper¬ 
iments. We anticipate that this approach leads to the 
following two bounds which constitute the main results 
of this work. 
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(i) Minimum discrimination time for quan¬ 
tum superpositions of large masses 


Given a particle of mass m prepared in a macro¬ 
scopic quantum superposition of two states sepa¬ 
rated by a distance d, it is impossible to locally dis¬ 
criminate the coherent superposition from an inco¬ 
herent mixture in a time (up to a multiplicative nu¬ 
merical constant) less than 




m d 
Top c 


where mp is the Planck mass 


(3) 


mp 


^ ~ 2.18 X 10"® kg . 


(4) 


(ii) Minimum discrimination time for quan¬ 
tum superpositions of large charges 


Given a particle of charge q prepared in a macro¬ 
scopic quantum superposition of two states sepa¬ 
rated by a distance d, it is impossible to locally dis¬ 
criminate the coherent superposition from an inco¬ 
herent mixture in a time (up to a multiplicative nu¬ 
merical constant) less than 

A ^ 

qp c ’ 

where qp is the Planck charge 


qp = v^dTreofc ~ 11.7 e ~ 1.88 x G . (6) 


Before giving a derivation of the previous results, we 
stress that both the bounds ([^ and ^ are relevant only 
for q > qp and m > mp. Indeed for systems below 
the Planck mass/charge, even if the bounds are formally 
correct, their meaning is trivial since any measurement 
of the state must at least interact with both parts of the 
superposition and this process requires at least a time 
d/c. 


A. Dynamics of Bob’s test mass 

Let us first focus on the superpositions of massive par¬ 
ticles and give a proof of the bound (§ (the proof of (§ 
is analogous and will be given later). It is easy to check 
that, for a sufficiently narrow trap (detector = ojf) the 
test mass of Bob is insensitive to the gravitational force 
of Alice’s particle and remains stable in its ground state 
(see Appendix [A| for details). On the contrary, if the trap 


is removed, the test mass will experience a different force 
depending on the position of Alice’s particle. The two 
corresponding Hamiltonians are: 


Hl 


2mB 


M, 


Hp 


p2 

2tob 


ArX, 


(7) 


where mp is the mass of Bob’s particle, and Fp and Fp 
are the different gravitational forces associated to the 
“left” and “right” positions of Alice’s particle. Their dif¬ 
ference 


AF = Fp — Fp 


G mA mp d 
A3 


( 8 ) 


where mA is the mass of Alice’s particle, determines the 
dipole force sensitivity that Bob should be able to detect 
in order to induce the decoherence of the reduced state 
possessed by Alice. 

Given the initial state of the test mass \(j)), it is easy 
to check that entanglement can be generated in a time t 
whenever the different time evolutions associated to Hp 
and Hp drive the test mass into almost orthogonal states, 

i.e. 




< 1 . 


(9) 


Such time depends on the initial state \(j)) and on the 
Loschmidt echo operator 

L(t) = (10) 

which after two iterations of the Baker-Campbell- 
Hausdorff formula can be written as 


L{t) = exp 


AF 


Xt- 


P 

2mp 


2 F1+F2 3 

12mB , 


( 11 ) 

A ^ 1 - ^3 ^ 

Neglecting the complex phase factor e'* , L{t) 

is essentially a phase-space displacement operator of the 
form where 


, AFP 

Ox — 5 

2mB 

5p = -AFt 


( 12 ) 

(13) 


are the shifts in position and momentum, respectively. 

Since the initial state ](})) of the test mass is the ground 
state of a very narrow harmonic trap, it will correspond 
to a localized Gaussian wave packet which is very noisy 
in momentum and therefore we may focus only on the 
position shift ( |12[ ) and compare it with the position un¬ 
certainty AA of the initial state (see Appendix for 
a detailed proof). We can argue that entanglement is 
generated only after a time t = Tp such that 


6x AFTl 
AA “ 2mBAA 


(14) 

















5 


Apparently Bob can generate entanglement arbitrarily 
quickly by reducing the position uncertainty AX. How¬ 
ever there is a fundamental limit to the localization pre¬ 
cision which is set by the Planck length. It is widely ac¬ 
cepted that no reasonable experiment can overcome this 
limit [33H35] : 


AX > Ip = 


(15) 


From Eq. (14), substituting Eq. (|^ and using the mini¬ 
mum AX allowed by the constraint (15), we get 


Sx 

AX 


1 toa d c^Tp 

2 mp 


~ 1 . 


(16) 


As we have explained in the previous section, relativistic 
causality implies the inequality ([^ involving Alice’s mea¬ 
surement time Ta and the entanglement time Tp. Such 
inequality provides a lower bound on Ta only if Tp < R/c 
while it gives no relevant information for Tp > R/c. 
Therefore we parametrize R in terms of Tp and a di¬ 
mensionless parameter rj: 


V = 


cTp 

IT 


0 < 77 < 1. 


(17) 


Using this parametrization, from Eq. (16), we get 


More details on the minimum localization of a macro¬ 
scopic charge are given in Appendix [b| From Eq.s (21) 
and ( 22 ), repeating exactly the previous argument one 
finds 


Ta > 


2^qAd 

27 qp c ’ 


(23) 


which is, up to a multiplicative numerical constant, the 
bound given in Eq. ([^. 


IV. MINIMUM TIME FROM ENTANGLEMENT 
WITH RADIATION 


In section |III| we have proved that relativistic causal¬ 
ity requires that any measurement Alice can perform to 
test the coherence of her superposition must require a 
minimum time, depending on the mass or charge of her 
particle. Here we focus on the electromagnetic case, and 
propose two different measurements to check the coher¬ 
ence of the superposition. 

The first is a simplified version of the experiment pro¬ 
posed in Ref. ISIISI]. Let Alice’s particle have spin i, 
and suppose that her superposition is entangled with the 
spin, i.e. ([^ is replaced by 


1 3 TOA d 

7b ^ - 77 -■ 

2 mp c 

From the causality inequality ([^ we have 


(18) 


Ta + Tb > - 
c 


Tb ^ 1 ? 7 lA d , 2 3 n 


, Ta> —-Tb =-^-(77^-77^). 
T] 2 mp c 

( 19 ) 

Optimizing over 77 we get 


27 mp c 


( 20 ) 


This is, up to a multiplicative numerical constant, the 
bound given in Eq. ([^. 


m =iidiLtm. (24) 

v 2 

Let now Alice apply a spin-dependent force, that vanishes 
if the spin is up, while brings the particle from |i?) to 
\L) if the spin is down. If Bob does not perform the 
measurement, the final state of Alice’s particle is 


Pa — |T)(T| O |+)(+| , 


where 


(25) 


(26) 


B. Dynamics of Bob’s test charge 


On the contrary, if Bob induces a collapse of the wave- 
function, the final state is 


The calculation in the case in which we have a test 
charge instead of a test mass is almost identical. The 
only difference is that Eq. ([^ is replaced by the Coulomb 
counterpart 


AT = Tt, — Tr ~ 


gAged 

47reoi?^ 


( 21 ) 


where gA and gs are the charges of Alice’s and Bob’s 
particles, respectively, while the localization limit (15) is 
replaced by Bob’s particle charge radius (SS] 


AX > 


gB ^ 

gP mpc 


( 22 ) 


p'a — |T)(T| (g) 


t)(t I + I t)(t 


(27) 


and Alice can test the coherence with a measurement on 
the spin. 

However, this protocol requires the particle to be ac¬ 
celerated if it has spin down and needs to be moved from 
|i?) to \L). Then it will radiate, and it can entangle 
with the emitted photons. A semiclassical computation 
of the emitted radiation can be found in Appendix 
Eq. (E15) shows that such radiation is indistinguishable 


from the vacuum state of the field iff the motion lasts for 
at least the time required by our previous bound ([^. 
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V. MINIMUM TIME FROM QUANTUM 
VACUUM FLUCTUATIONS 


In Section IV we have provided an example of exper¬ 
iment able to test the coherence. The protocol requires 
to accelerate the charge, and if its duration is too short, 
the charge radiates and entangles with the emitted pho¬ 
tons. The reader could now think that the bound on 
the time could be beaten with an experiment that does 
not involve accelerations. An example of such experi¬ 
ment could seem to be a measurement of the canonical 
momentum of Alice’s particle. In this section, we first 
show that this measurement is indeed able to test the 
coherence of the superposition and then we estimate the 
minimum time necessary to perform it. 

The canonical momentum of a charged particle cou¬ 
pled to the electromagnetic field is not gauge invariant, 
and therefore cannot be directly measured. Alice can in¬ 
stead measure directly the velocity of her particle, that 
is gauge invariant. However, its relation with the canon¬ 
ical momentum now contains the vector potential. Even 
if there is no external electromagnetic field, the latter is 
a quantum-mechanical entity, and is subject to quantum 
vacuum fluctuations. Then, the fluctuations of the vec¬ 
tor potential enter in the relation between velocity and 
momentum. If Alice is not able to measure the field out¬ 
side her laboratory, she can measure only the velocity 
of her particle (see Appendix for a detailed discus¬ 
sion), and can reconstruct its canonical momentum only 
if the fluctuations are small. We show that in an in¬ 
stantaneous measurement these fluctuations are actually 
infinite. However, if Alice measures the average of the 
velocity over a time T, they decrease as l/T^, and can 
be neglected if T is large enough. This minimum time is 
found consistent with the bound derived in section EH 

In order to simplify our formulas, in this section and 
in the related Appendices we put as in [5^ 


/i = c = eo = Mo = l 


ql=ATT . 


(28) 


These constant will be put back into the final result. 


A. The canonical momemtum as a test for 
coherence 

Let us first show that Alice can test the coherence with 
a measurement of the canonical momentum of her parti¬ 
cle. 

Let the particle be in the coherent superposition Q of 
two identical wave-packets centered in different points, 
with wave-function 


^(x) 


(^(x) -|- (()(x — d) 


(29) 


The probability distribution of the canonical momen¬ 
tum P is the modulus square of the Fourier transform of 
the wave-function: 


\m\^ 

(27r)3 


= 2 cos^ 



(27r)3 


(30) 


and she can test the coherence of the superposition from 
the interference pattern in momentum space generated 
by the cosine. Indeed, an incoherent statistical mixture 
would be associated to the probability distribution 


k(k)|^ 

(27r)3 ’ 


(31) 


where the cosine squared is replaced by 1/2, its average 
over the phase ip. 

Notice from (301 that, in order to be actually able to 
test the coherence, Alice must measure the canonical mo¬ 
mentum with a precision of at least 


AP < ^ , (32) 

where d = |d|. This precision increases with the sep¬ 
aration of the wave-packets, e.g. for d = 1 m, it is 
AP< 10-34 kg-m/s. 


B. Quantum vacuum fluctuations and minimum 
time 


Let now Alice’s particle carry an electric charge q. We 
want to take into account the quantum vacuum fluctua¬ 
tions of the electromagnetic field, so quantum electrody¬ 
namics is required. The global Hilbert space is then the 
tensor product of the Hilbert space of the particle Pa 
with the Hilbert space of the field Hp. The reader can 
find in Appendix [C] the details of the quantization. 

The position and canonical momentum operators of 
Alice’s particle X and P still act in the usual way on 
the particle Hilbert space alone, so that the argument of 
subsection |V A| remains unchanged. The full interacting 
Hamiltonian of the particle and the electromagnetic field 
is 




+ Hf 


where 




(33) 


3 (34) 


is the vector-potential operator A(x) of (C5| with the 
coordinate x replaced with the position operator X, and 
Hp is the free Hamiltonian of the electromagnetic field 
defined in (CI2). 

Due to the minimal-coupling substitution, the operator 
associated to the velocity of the particle is 


V = i 


H. X 




(35) 


where ip is an arbitrary phase. 
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that contains the operator vector-potential, and acts also 
on the Hilbert space of the field. The canonical momen¬ 
tum can be reconstructed from the velocity with 


P = m V - 


gA(x) 


(36) 


if the second term in the RHS can be neglected. With 
the help of the commutation relations (C6), a direct com¬ 
putation of the variance of A on the vacuum state 
of the field gives 


(0|a(x)'|0) 


1 (Pk 


|k| (2^)3 


1a 


(37) 


that has a quadratic divergence for k —>■ oo due to the 
quantum vacuum fluctuations. This divergence can be 
cured averaging the vector potential over time with a 
smooth function We must then move to the Heisen¬ 
berg picture, where operators explicitly depend on time, 
and we define it to coincide with the Schrodinger picture 
at t = 0, the time at which Alice measures the velocity. 
Since the divergence in (371 does not depend neither on 


the mass nor on the charge of Alice’s particle and is pro¬ 
portional to the identity operator on the particle Hilbert 
space 1 a) it has nothing to do with the interaction of the 
particle with the field. Then the leading contribution to 
the result can be computed evolving the field with the 
free Hamiltonian Hp only, i.e. with 


A 


(x,,) = 


*(k) 


" (27r)3* 




Defining the time-averaged vector potential as 


Anil — 


(x,t) ^(t) 


dt 


(39) 


its variance over the vacuum state of the field is now 


(0|AL|0) = ( ^ / |^(w)|^a; dw ) Ia 


(40) 


where 


^{oj) 


(p{t) dt 


(41) 


is the Fourier transform of ip{t). Taking as (p{t) a nor¬ 
malized Gaussian function of width T centered at t = 0: 


<f{t) 


V2ttT ’ 


(42) 


we get as promised a finite result proportional to 1 /T^: 


(0|AL|0) = ^^. (43) 

Then, if Alice estimates one component of the canonical 
momentum (say the one along the x axis) with the time 
average of the velocity taken with the function ip(t), she 
commits an error of the order 


AP~ 


g 

2ttV3T ' 


(44) 


Comparing (44) with the required precision to test the 
coherence (32), the minimum time required is 


Ao.io^- 

V37r3 qp c qp c 


(45) 


in agreement with the bound (231 imposed by relativistic 
causality alone. 


VI. CONCLUSIONS 


In this work we have studied the limitations that the 
gravitational and electric fields produced by a macro¬ 
scopic particle impose on quantum superposition exper¬ 
iments. We found that, in order to avoid a contradic¬ 
tion between quantum mechanics and relativistic causal¬ 
ity, a minimum time is necessary in order to discriminate 
a coherent superposition from an incoherent statistical 
mixture. This discrimination time is proportional to the 
separation distance of the superposition and to the mass 
(or charge) of the particle. 

In the same way as the Heisenberg uncertainty prin¬ 
ciple inspired the development of a complete theory of 
quantum mechanics, our fundamental and quantitative 
bounds on the discrimination time can be useful for the 
development of current and future theories of quantum 
gravity. Moreover, despite an experimental observation 
of our results clashes with the difficulty of preparing su¬ 
perpositions of masses above the Planck scale, the cur¬ 
rent technological progress on highly massive quantum 
optomechanical and electromechanical systems provides 
a promising context |26H32| for testing our predictions. 

We thank Seth Lloyd, Leonardo Mazza, and Andrea 
Tomadin for fruitful discussions. GdP thanks M. G. Sor- 
mani for useful comments. 
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SUPPLEMENTAL MATERIAL 


Appendix A: Strength of the trap 


In this Appendix we show that for Bob a measurement 
of the position is always better than a measurement of 
the momentum, i.e. it permits to distinguish the force 
difference AF in a shorter time. 

Let ui be the frequency of the harmonic trap. The 
spatial width of its ground state is given by 


~ ^ . (Al) 

TOb w 


This ground state is insensible to the force difference AF 
iff the displacement that it generates is less than AX, i.e. 


AF 

me 


^ AX . 


(A2) 


Eliminating ui with (Al), the inequality (A2) becomes 
hence 


localized. However, from the Larmor formula m we 
know that a classical particle with charge q following a 
harmonic motion of frequency uj and width AX loses into 
electromagnetic radiation a power 


dE ^ uj^ AX^ 
dt Co 


(Bl) 


In the quantum case, the charge radiates until it gets to 
the ground state of the trap, where it cannot radiate any¬ 
more since there are no other states with a lower energy 
to go. However, if the trap is very strong, its ground 
state is very localized, and therefore has a great uncer¬ 
tainty in velocity. Since any moving charge generates a 
magnetic field, this velocity uncertainty generates a large 
uncertainty in the magnetic field, resulting in a large en¬ 
tanglement between the state of the particle and the state 
of the field. Qualitatively, this happens when the energy 
classically radiated in a period becomes greater than hw , 
the energy of the first excited state. Combining (Bl) 
with (Al), this happens exactly when the localization 
AX becomes smaller that the charge radius: 


AA^ < 


TOb AF 


(A3) 


A-y<xA. 

gp me 


(B2) 


which is the condition we have to enforce to ensure that 
Bob’s detector is ineffective when switched off. Suppose 
then that, after switching on the detector. Bob tries to 
distinguish the two states of Alice by a measurement of 
F: accordingly the momentum spread AF of his initial 
state must be lower than the displacement in momen¬ 


tum |5p| = AF t given by (13). Recalling that Heisen¬ 
berg’s uncertainty principle XX AF > H is saturated by 
a Gaussian pure state, the minimum time after which 
Bob can distinguish is 


AFAA ■ 


(A4) 


On the other hand, from (141 the minimum discrimina¬ 


tion time with a measurement of x is 


Tb = 


TOb AA 
AF 


(A5) 


The reader can check that (A3) implies Tb < T^, i.e. if 
the trap is strong enough to be insensible to the force 
difference, for Bob it is always better to measure the 
position of his particle rather than its momentum. 


Appendix B: Maximum localization of a charge 


In this Appendix we prove that the minimum width 
over which a charge q greater than the Planck charge qp 
can be localized is its charge radius (22). 

Let us suppose to use a harmonic trap of frequency w 
to localize the charge. One could think that in principle, 
with a strong enough trap, the charge can be arbitrarily 


Then, if we want the reduced state of the particle to re¬ 
main pure, we can localize it only up to the limit in (B21. 


Appendix C: Quantization of the electromagnetic 
field 

We recall here the basics of the quantization of the elec¬ 
tromagnetic field. More details can be found in Ref. [38] . 

We denote with O an operator in the Schrodinger pic¬ 
ture, and with 0{t) its Heisenberg-picture counterpart. 
The two pictures are defined to coincide for t = 0, i.e. 
0(0) = O. We recall that in the Heisenberg picture the 
operators are evolved with the full interacting Hamilto¬ 
nian. 

An Hamiltonian formulation of electrodynamics re¬ 
quires the introduction of the scalar and vector potentials 
V and A. It is convenient to Fourier-transform with re¬ 
spect to x. The potentials are related to the electric and 
magnetic fields by 

E(k, t) = -tk V{k, t) - ^ A(k, t) (Cl) 

B(k,t) = fkx A(k,t) . (C2) 

We choose the Coulomb gauge, in which the divergence 
of the vector potential is set to zero at the operator level: 

k-A(k,t)=0. (C3) 


It is now convenient to define the ladder operators 


a*(k, t) ^ y^ (k, t) + ^ (k, t ), (C4) 
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sat isfyi ng the constraint kj a^(k , t) = 0 as a consequence 
of (C31. The definition in (C4) can be inverted: 


A\x,t) 


72M ' 


(C5) 

The ladder operators satisfy the equal-time canonical 
commutation relations 


[a*(k,t), a-^'l'(q,t)] =n*-^(k) (27r)3(5^(k - q) (C6) 
[o*(k,t), a^(q,t)] = [a*'l'(k,t), a^'''(q,t)] = 0, (C7) 

where n(k) is the projector onto the subspace orthogonal 
to k: 


n*^ (k) = 6^^ - 




(C8) 


of Refs. [33] I where the reader is referred for further de¬ 
tails. 

For any function / : —>■ subject to the constraint 

fc,f(k)=0 VkeK^^ (Dl) 

define the unitary displacement operator 

£>[/]= exp (/,(k)a*^(k) -/;(k)a*(k)) , 

(D2) 

DHf]=D[-f], (D3) 

acting on the ladder operators as 

D^f]a^{k)D[f]=d\k) + r{k). (D4) 


The vacuum state of the field |0) is defined as the state 
annihilated by all the Schrddinger-picture annihilation 
operators: 

aXk)|0)=0 VkeM^^ f = 1, 2, 3 , |0) S • 

(C9) 

Besides, the a*(k) together with their hermitian conju¬ 
gates a*'*'(k) generate the whole observable algebra oidip. 

Maxwell’s equations determine the time evolution of 
the ladder operators: 


Their composition rule is 
b[f\b[g\=b[f + g\x 

xexp(i J {fik)g*{k)-f*{k)g\k))^^^ . (D5) 

We can now define the coherent states with a displace¬ 
ment operator acting on the vacuum state of the held: 

I/) = £)[/] |0)eHF, (D6) 


di 


a*(k, t) + i|k| d*(k, t) 


»n-/k) 


r{k,t), 


(CIO) 


that are eigenstates of the annihilation operators: 


a*(k)|/) = r(k)|/) . (D7) 


where J is the operator associated to the current density 
of the quantum system interacting with the electromag¬ 
netic held. Eq. (CIO) is easily integrated: 


a*(k, t) = 


= g-4k|t 


(^a“(k) + 


»n^(k) 


(Cll) 


where we have imposed the Heisenberg and Schrddinger 
pictures to coincide at t = 0, i.e. a®(k, 0) = a®(k). 

In the free case, i.e. when the current vanishes at the 
operator level (J(k,t) = 0), the relation between the two 
pictures is given by the free Hamiltonian 

/ , ^3 jL 

|k| al(k) a*(k) , (C12) 

i.e. 

a*(k, t) = e-*l‘"l‘a*(k) = a*(k) . (C13) 


Appendix D: Coherent states 

We introduce now the set of coherent states of the elec¬ 
tromagnetic held. Our formalism is analogue to the one 


Their overlap is 


l(/l5)l^ = exp ^-y |/(k)-5(k)|^ . (DS) 


Appendix E: Radiation emitted by Alice’s particle 


In this Appendix we consider a classical charged par¬ 
ticle following an accelerated trajectory and coupled to 
the quantum electromagnetic held. We show that the ra¬ 
diation classically emitted by the particle induces on the 
quantum held a displacement operator, and if the initial 
state is the vacuum, it is brought to a coherent state (see 
Appendix [P] for the dehnition). It turns out that, if the 
accelerations of the particle are smooth enough, this co¬ 
herent state has overlap almost one with the vacuum, i.e. 
it is not distinguishable from it. Then, for a slow motion 
the particle does not radiate photons at all, and therefore 
it does not get entangled with the held. 

Let J be the classical current density associated to the 
trajectory of the particle. Looking at the time evolu¬ 
tion equation forthe ladder operators (ICllI), and recall¬ 


ing (D4) and (C13), it is easy to show that such evolution 


is provided by a displacement operator, i.e. 


a*(k,t) = b^[f] a^k) b[f] , (El) 
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where 


The Fourier transform of the velocity is 


mF(k) /■* . , , 

r(k) = J*(k,t') dt' . (E2) 

Since the ladder operators generate the whole observable 
algebra otHp, if the fields starts in the vacuum, its time- 
evolved state is the coherent state Its overlap 

with the vacuum can be computed with (D8): 


|(0|/)|^=exp(^- 1 |/(k)| 


2 (Pk 

(27r)3 


(E3) 


We now consider a point particle carrying charge q that 
starts in X = 0 at t = 0, and in a time to is brought to 
the position x = d with a trajectory described by x(t). 
The current density is then 


J(k,t) =gv(t) 


(E4) 


where v(t) = ^x(t) is the particle velocity. For wave¬ 
lengths large with respect to the extension of the motion, 
i.e. for 


"'I ■« 5 


the phase factor in (E4| can be discarded, getting 


J(k,t) ~ q v(t) . 


(E5) 


(E6) 


We want to look at the state of the field after the particle 
has reached the new position x = d, i.e. for t > to- 
Since the velocity v(t) vanishes for t < 0 and t > tg, the 
displacement of (E2) becomes 


r(k) = 


iq 


\/^ 


nF(k) u^-(a;=|k|), 


where 


r{uj) = 


r{t) 


dt 


(E7) 


(E8) 


is the Fourier transform of the velocity. Putting (E7) 
into (|E3|, the overlap becomes 


|(0|/)|^ = exp . (E9) 


;(a;) = 


^ d cos ^ 
2 _^ 

1 ^ ^0 
-L _2 


(E12) 


and the overlap 


|(0|/)|^ = exp -TT 


7rSi(7r) — 2 q^ d^ 


6 

- exp ( -2 ^ 


dp c^tl 


dp 

where Si(a;) is the sine integral function 


Si(x) = 


smy 

y 


dy . 


(E13) 


(E14) 


Looking at (E12), the dominant contribution to the in¬ 
tegral in (E9) comes from the region tuto ^ 1. The ap¬ 


proximation in (E5) is then valid iff d cto, i.e. if the 
motion is not reli 


ativistic. 


The final result (E13) tells us that for a fixed distance 


d, no photons are radiated if the motion lasts for at least 


h>V2 


dP c 


(E15) 


Then, Alice can always create the coherent superposi¬ 
tion Q without entangling her particle with the emitted 
photons provided she has enough time to do it. Besides, 
if Alice wants to perform the measurement of Section [iVj 
she needs at least a time (E15) to bring the state |i?) back 
to \L) if she does not want to entangle with the emitted 
photons. 


Appendix F: Absence of entanglement with the 
static electric field 


In this Appendix we explain in detail why when Al¬ 
ice’s charged particle is in the superposition 0 . despite 
it generates a static electric field that depends on its posi¬ 
tion, it is still not entangled with the field, and the global 
state is a product with the field part in the vacuum. 

The first Maxwell’s equation reads 


k^V{k) = p(k) 


(FI) 


and completely determines the electric potential operator 
V in terms of the charge density operator p: 


For simplicity we consider a one-dimensional motion, and 
we put the x axis in the direction of d. As an example, 
we take 

x{t) = d sin^ ( ^ ) for 0 < t < to , (ElO) 

\2 to/ 

satisfying the conditions 

a;(0) = 0 , a:(to) = d , ?;(0) = r'(to) = 0 . (Ell) 


E(k) = -p(k). 


(F2) 


Putting together (F2) and ( |C1| ) , the electric field is given 
by 

E(k) = -gp(k)-|A(k). (F3) 


Then, the longitudinal (i.e. proportional to k) compo¬ 
nent of the electric field operator is determined by the 
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charge-density operator, and acts on the Hilbert space of 
the particle alone. Therefore, even if the field is in its vac¬ 
uum state (C9), the expectation value of the electric field 
is the static Coulomb electric field generated by the ex¬ 
pectation value of the charge density, and hence depends 
on the particle wave-function. This means that the state 
of the field alone does not contain all the information 
on the electric held, since its longitudinal component is 
encoded into the state of the particle. 

Seen from a different perspective, the longitudinal 
component of the electric held is not a dynamical propa¬ 
gating degree of freedom, since it vanishes in absence of 
external charges and is completely determined by them, 
so there is no Hilbert space associated to it. The Hilbert 
space of the held contains only the degrees of freedom 
associated to the electromagnetic radiation, i.e. the mag¬ 
netic held and the transverse (orthogonal to k) compo¬ 
nent of the electric held. Then in a product state with 
the held part in the vacuum only these components are 
in the vacuum mode, while there can be a static electric 
held depending on the state of the particle. 


Appendix G: Locality 

In this Appendix we explain in detail why Alice can 
measure only the velocity of her particle, and not its 
canonical momentum, if she is constrained to remain in 
her laboratory, which has the size of the support of the 
wave-function of the particle. 

The wave-function '0(x, t) of a particle carrying electric 
charge q coupled to an electromagnetic held is invariant 
under the joint gauge transformation [38] 



(Gl) 

A'(x, t) = A(x, t) + VA(x, t) 

(G2) 

V'[yL,t) = H(x,t) - ^A(x,t) . 

(G3) 


The canonical momentum P = —iV is not gauge invari¬ 
ant, but transforms in the Heisenberg picture as 


P'(t) = P(t)+gVA(x(t),t) , (G4) 


and therefore Alice cannot measure it directly. The 
reader can easily check using (G2) and (G4) that the 
velocity given by (35) is gauge invariant, as it has to be. 
Alice can then measure directly the velocity, and recon¬ 
struct from it the canonical momentum. However, the 
relation between them (Eq. (36)) contains the vector po¬ 
tential, that from (G2) is not gauge invariant, and cannot 
be directly me asure d. In the Goulomb gauge, it is pos¬ 
sible to invert (G2) and express the vector potential in 
terms of the magnetic held, that is gauge invariant and 
can be actually measured by Alice: 




V X B(y) ,3 


Putting together 


4-y| 


d^y. 


and (36), we get 


(G5) 


p=mV+^ 

Att 


q /■ V X B(y) ^3 


X-y 


d^y 


(G6) 


However, reconstructing the canonical momentum from 
the velocity with (G6) requires Alice to measure the mag¬ 
netic held in the whole space. Even if she can allow for 
some error in the reconstruction, the region in which she 
has to measure the held increases with the charge q, and 
can extend well outside the support of the wave-function. 















